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Abstract
In this paper, we prove the existence and the exponential stability in Hi+ (i = 1,2), an
incomplete metric subspace of Hi × Hi × Hi (i = 1,2), of a nonlinear C0-semigroup
S(t) for a nonlinear one-dimensional heat-conductive viscous real gas in bounded domain
Ω = (0,1). The results in this paper improve those previously related results.
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1. Introduction
In this paper, we are concerned with the existence and the exponential stability
in Hi+ (i = 1,2), an incomplete metric subspace of Hi ×Hi ×Hi (i = 1,2), of a
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nonlinear C0-semigroup S(t) for a nonlinear heat-conductive viscous real gas in
bounded domain Ω = (0,1). It is well known that the referential (Lagrangian)
form of the conservation laws of mass, momentum, and energy for a one-
dimensional real gas with the reference density ρ0 = 1 is (see [1–6,10,14,19–25])
ut − vx = 0, (1.1)
vt − σx = 0, (1.2)(
e+ v
2
2
)
t
− (σv)x +Qx = 0, (1.3)
and the second law of thermodynamics is expressed by the Clausius–Duhem
inequality
ηt +
(
Q
θ
)
x
 0. (1.4)
Here subscripts indicate partial differentiations, u,v,σ, e,Q,η and θ denote the
specific volume, velocity, stress, internal energy, heat flux, specific entropy and
absolute temperature, respectively. Note that u, θ and e may only take positive
values.
We consider the problem (1.1)–(1.3) in the region {0  x  1, t  0} under
the initial conditions
u(x,0)= u0(x), v(x,0)= v0(x), θ(x,0)= θ0(x) on [0,1], (1.5)
and the following boundary conditions:
v(0, t)= v(1, t)= 0, Q(0, t)=Q(1, t)= 0, ∀t  0, (1.6)
or
v(0, t)= v(1, t)= 0, θ(0, t)= θ(1, t)= T0 := const> 0,
∀t  0. (1.7)
For a one-dimensional homogeneous real gas, e, σ , η and Q are given by the
constitutive relations (see [1,2,5,6])
e= e(u, θ), σ = σ(u, θ, vx), η= η(u, θ),
Q=Q(u, θ, θx) (1.8)
which in order to be consistent with (1.4) must satisfy
σ(u, θ,0)= Ψu(u, θ), η(u, θ)=−Ψθ(u, θ), (1.9)(
σ(u, θ,w)− σ(u, θ,0))w  0, Q(u, θ, g)g  0, (1.10)
where Ψ = e− θη is the Helmholtz free energy function.
For the case of an ideal gas, i.e.,
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e= CV θ, σ =−Rθ
u
+µvx
u
, Q=−λθx
u
, (1.11)
with suitable positive constants CV , R, µ and λ, the global existence and as-
ymptotic behaviour of smooth (generalized) solutions to the system (1.1)–(1.3)
have been investigated by many authors; e.g., see [7–9,11–13,15–21] on the
initial boundary value problems and the Cauchy problem. Recently, Zheng and
the author [31] obtained the existence of maximal attractor for the problem
(1.1)–(1.3) and (1.5), (1.6) for (1.11). The author [25] established the existence
and exponential stability of a C0-semigroup in the subspace of Hi × Hi × Hi
(i = 1,2) for a viscous ideal gas (1.11) in bounded domain in R and in bounded
annular domains Gn = {x ∈Rn | 0 < a < |x|< b} (n= 2,3) in Rn for a viscous
spherically symmetric ideal gas. This results improved those in [19] for (1.11)
and in [8] for the viscous spherically symmetric ideal gas in Gn. As it is known,
the constitutive equations of a real gas are well approximated within moderate
ranges of u and θ by the model of an ideal gas (1.11). However, under very
high temperatures and densities, (1.11) becomes inadequate. Thus a more realistic
model than (1.11) would be a linearly viscous gas (or Newtonian fluid)
σ(u, θ, vx)=−p(u, θ)+ µ(u, θ)
u
vx (1.12)
satisfying Fourier’s law of heat flux
Q(u, θ, θx)=−k(u, θ)
u
θx, (1.13)
where the internal energy e and the pressure p are coupled by the standard
thermodynamical relation
eu(u, θ)=−p(u, θ)+ θpθ(u, θ) (1.14)
to comply with (1.4).
In this paper we assume that e,p,σ and k are C2 or C3 (for the precision,
see Theorems 1.1 and 1.2 below) functions on 0 < u < +∞ and 0  θ < +∞.
Let q and r be two positive constants (exponents of growth) satisfying one of the
following relations:
0 r  1/3, 1/3 < q, (1.15)
1/3< r < 4/7, (2r + 1)/5< q, (1.16)
4/7 r  1, (5r + 1)/9< q, (1.17)
1< r  13/3, (9r + 1)/15< q, (1.18)
13/3< r, (11r + 3)/19< q. (1.19)
We assume that there are positive constants ν,p0,p1, k0, and for any u > 0, there
are positive constants N(u),p2(u),p3(u) and k1(u) such that for any u u and
θ  0 the following conditions hold:
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0 e(u,0), ν(1+ θr ) eθ (u, θ)N(u)(1+ θr ), (1.20)
p0θ
r+1 < up(u, θ) p1(1+ θr+1), (1.21)
−p2(u)
[
l + (1− l)θ + θr+1] pu(u, θ)
−p3(u)
[
l + (1− l)θ + θr+1], l = 0 or 1, (1.22)
|pθ(u, θ)| p3(u)(1+ θr ), (1.23)
k0(1+ θq) k(u, θ) k1(u)(1+ θq), (1.24)
|ku(u, θ)| + |kuu(u, θ)| k1(u)(1+ θq). (1.25)
For the viscosity µ(u, θ), we assume that
µ(u, θ)= µ0 > 0, (1.26)
where µ0 > 0 is a constant.
Now let us recall some results related to the nonlinear one-dimensional heat-
conductive viscous real gas in the literature. Jiang [6] established the global
existence for the system (1.1)–(1.3) with the boundary conditions (1.6) or (1.7)
or
Q(0, t)=Q(1, t)= 0, σ (0, t)= v(0, t),
σ (1, t)=−v(1, t) (1.27)
or
θ(0, t)= θ(1, t)= T0, σ (0, t)= v(0, t),
σ (1, t)=−v(1, t), (1.28)
under the assumptions (1.8), (1.12)–(1.14), (1.20), (1.34) (see below) (for (1.27)
and (1.28)), (1.24), (1.25), (1.38) (see below) and
|pθ(u, θ)| p3(u)u−1(1+ θr), (1.29)
up(u, θ) p4(1+ θr+1), pu(u,T0) 0, for (1.7), (1.30)
|pθ(u, θ)|N(u)(1+ θr), (1.31)
0 <µ0  µ(u) µ1, for (1.27), (1.28), (1.32)
µ(u)= µ0, for (1.6), (1.7), (1.33)
with the exponents r ∈ [0,1], q  r + 1. Under the assumptions (1.8), (1.12)–
(1.14), (1.20), (1.23)–(1.25) and
−p2[l + (1− l)θ + θ
1+r ]
u2
 pu(u, θ)−p1[l + (1− l)θ + θ
1+r ]
u2
,
l = 0 or l = 1, (1.34)
0 p(u, θ), p(u, θ)→ 0, as u→+∞,
r ∈ [0,1], q  r + 1, (1.35)
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Jiang [5] also established the results on asymptotic behaviour of global classical
solutions to the system (1.1)–(1.3) with the boundary conditions (1.6) or (1.7) or
(1.27) or (1.42) (see below). Under the assumptions (1.8), (1.12)–(1.14), (1.20)
and
−p2(1+ θ1+r )u−2  pu(u, θ)−p1(1+ θ1+r )u−2, (1.36)
|pθ(u, θ)| p3(u)u−1/2(1+ θr), up(u, θ) p4(1+ θ1+r ), (1.37)
0<p(u, θ)N(u)(1+ θr+1), (1.38)
k0(1+ θq) k(u, θ) k2(1+ θq), (1.39)
|ku(u, θ)| + |kuu(u, θ)| k2(1+ θq), (1.40)
with r ∈ [0,1], q  2r + 2 and for some constants γ0 < 2, η0 > 0,
η(u, θ)
(
(Mu)γ0 + η0
)
e(u, θ), (1.41)
with Mu := ∫ u1 (µ(ξ)/ξ) dξ, Kawhol [10] obtained the classical solutions to the
system (1.1)–(1.3) with the boundary conditions (1.6) or
Q(0, t)=Q(1, t)= 0, σ (0, t)= σ(1, t)= 0. (1.42)
Note that our assumption (1.22) is weaker than (1.34) and (1.36) in [5,6,10]. Our
assumption (1.23) is weaker than (1.29) in [6] and (1.37) in [10], while (1.24)
and (1.25) are weaker than (1.39) and (1.40) in [10], respectively. Under the
assumptions (1.20)–(1.26) and 0  r , r + 1  q < (5r + 3)/2, the author [23]
established the global existence and asymptotic behaviour of smooth solutions
(generalized solutions in H 1 × H 10 × H 1) to the problem (1.1)–(1.3), (1.5),
(1.6). Later, under the assumptions (1.8), (1.12)–(1.26), the author [21,22,25]
improved the results in [5,6,10,23] to obtain the global existence and asymptotic
behaviour of smooth solutions (generalized solutions in H 1 ×H 1 ×H 1) to the
problems (1.1)–(1.3), (1.5), (1.6) and (1.1)–(1.3), (1.5), (1.7). It should be noted
that the assumptions (1.15)–(1.19) on the exponents q, r do not cover the case
of q = r = 0. The case of a one-dimensional polytropic viscous ideal gas (see
(1.11)) is the special case of q = r = 0, for which the author [20] obtained the
global existence and asymptotic behaviour of smooth (generalized) solutions.
In this direction, we would also like to mention the works by Dafermos
[1], Dafermos and Hsiao [2], Racke and Zheng [27], Sprekels and Zheng [29],
Sprekels et al. [30], Shen et al. [28], Jiang [4] and the author [24] for the models
of thermoviscoelasticity.
As mentioned above, the global existence and the asymptotic behaviour in
H 2 × H 2 × H 2 of generalized (global) solutions have never been investigated
for Eqs. (1.1)–(1.3) of the nonlinear one-dimensional heat-conductive viscous
real gas with boundary conditions (1.6) and (1.7), nor have the existence and
the exponential stability of a nonlinear C0-semigroup S(t) in the subspace Hi+
(for its definition, see below) of Hi × Hi × Hi (i = 1,2). Although we have
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obtained the existence and exponential stability of a nonlinear C0-semigroup for
a polytropic viscous ideal gas (1.11), the present situation under consideration
is more complicated than that in (1.11) because of our more general constitutive
relations (see (1.8), (1.12)–(1.26)). The aim of this paper is to prove the existence
and the exponential stability of a nonlinear C0-semigroup S(t) in the subspace
Hi+ of Hi×Hi×Hi (i = 1,2) for Eqs. (1.1)–(1.3) for boundary conditions (1.6)
or (1.7) with more general constitutive relations (1.8) and (1.12)–(1.26).
We define two spaces as
H 1+ =
{
(u, v, θ) ∈H 1[0,1] ×H 1[0,1] ×H 1[0,1]: u(x) > 0, θ(x) > 0,
x ∈ [0,1], v|x=0 = v|x=1 = 0, θ |x=0 = θ |x=1 = T0 for (1.7)
}
and
H 2+ =
{
(u, v, θ) ∈H 2[0,1] ×H 2[0,1] ×H 2[0,1]: u(x) > 0, θ(x) > 0,
x ∈ [0,1], v|x=0 = v|x=1 = 0, θx |x=0 = θx |x=1 = 0 for (1.6) or
θ |x=0 = θ |x=1 = T0 for (1.7)
}
which become two metric spaces when equipped with the metrics induced from
the usual norms. In the above, H 1,H 2 are the usual Sobolev spaces.
The notation in this paper will be as follows: Lp¯ , 1  p¯  +∞, Wm,p¯ ,
m ∈ N, H 1 =W 1,2, H 10 =W 1,20 denote the usual (Sobolev) spaces on (0,1). In
addition, ‖ · ‖B denotes the norm in the space B; we also put ‖ · ‖ = ‖ · ‖L2 .
We denote by Lp¯(J,B), 1 p¯ +∞, the corresponding Lebesgue spaces of B-
valued functions on the interval J . Cα([0, T ],B) denotes the Banach space of B-
valued functions on [0, T ] which are uniformly Hölder continuous with exponent
α ∈ (0,1). Ck1+α,k2+α/2(QT ) (respectively, Ck1+α(Ω)), k1, k2 ∈N0, denotes the
Banach space of functions on QT = (0,1) × (0, T ) (respectively, Ω) which
are k1, k2 (respectively, k1) times uniformly Hölder continuous with exponents
α,α/2 in variables x and t (respectively, x). We use Ci (i = 1,2) (sometimes
use C′i ) to denote the generic constant depending only on the Hi norm of initial
datum (u0, v0, θ0), minx∈[0,1] u0(x) and minx∈[0,1] θ0(x), but independent of t .
Without danger of confusion we will use the same symbol to denote the state
functions as well as their values along a thermodynamic process, e.g., p(u, θ),
and p(u(x, t), θ(x, t)) and p(x, t).
We are now in a position to state our main theorems.
Theorem 1.1. Assume that e,p,σ and k are C2 functions on 0 < u < +∞ and
0  θ < +∞, and the assumptions (1.8), (1.12)–(1.26) hold. Then the unique
generalized global solution (u(t), v(t), θ(t)) in H 1 × H 1 × H 1 to the prob-
lem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) defines a nonlinear C0-
semigroup S(t) on H 1+. Moreover, for any (u0, v0, θ0) ∈ H 1+, there exists a con-
stant γ1 = γ1(C1) > 0 such that for any fixed γ ∈ (0, γ1] and for any t > 0, the
following inequality holds:
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∥∥(u(t), v(t), θ(t))− (u¯,0, θ¯)∥∥2
H 1+
= ∥∥S(t)(u0, v0, θ0)− (u¯,0, θ¯ )∥∥2H 1+
C1e−γ t , (1.43)
which means that the semigroup S(t) is exponentially stable on H 1+. Here
u¯=
1∫
0
u0(x) dx, θ¯ = T0 for (1.7), (1.44)
or for (1.6) θ¯ > 0 is uniquely determined by
e(u¯, θ¯ )=
1∫
0
(
e(u0, θ0)+ v
2
0
2
)
(x) dx. (1.45)
Remark 1.1. Theorem 1.1 is also valid under the assumptions in [5], i.e., (1.8),
(1.12)–(1.14), (1.20), (1.23)–(1.25) and (1.34), (1.35). Note that (1.15)–(1.19)
imply 0  r, r + 1  q , so the results in Theorem 1.1 improve those in [5,6,10,
21–23,25].
Theorem 1.2. Assume that e,p,σ and k are C3 functions on 0 < u <+∞ and
0  θ < +∞, and the assumptions (1.8), (1.12)–(1.26) hold. Then there exists
a unique generalized global solution (u(t), v(t), θ(t)) in H 2+ to the problem
(1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) which defines a nonlinear C0-
semigroup S(t) (also denoted by S(t) by the uniqueness of solution in H 1+) on H 2+.
Moreover, for any (u0, v0, θ0) ∈H 2+, there exists a constant γ2 = γ2(C2) > 0 such
that for any fixed γ ∈ (0, γ2] and for any t > 0, the following inequality holds:∥∥(u(t), v(t), θ(t))− (u¯,0, θ¯)∥∥2
H 2+
= ∥∥S(t)(u0, v0, θ0)− (u¯,0, θ¯ )∥∥2H 2+
C2e−γ t , (1.46)
which implies that the semigroup S(t) is exponentially stable on H 2+. Here u¯ and
θ¯ are the same as in (1.44), (1.45) in Theorem 1.1.
Remark 1.2. We know that the generalized global solution (u(t), v(t), θ(t)) ∈H 2+
obtained in Theorem 1.2 is not classical one. Indeed, if (u0, v0, θ0) ∈ H 2+, by
the embedding theorem, we have u0, v0, θ0 ∈ C1+1/2(0,1). If we impose on
the higher regularities of v0, θ0 ∈ C2+α(0,1), α ∈ (0,1), the following results
on the global existence of classical (smooth) solutions are obtained in [21,
22]: If, in addition to the assumptions in Theorem 1.2, we further assume that
u0 ∈C1+α(0,1), v0, θ0 ∈ C2+α(0,1), α ∈ (0,1) and the compatibility conditions
ut |x=0,1 = vt |x=0,1 = θt |x=0,1 = 0 hold, then the generalized global solution
(u(t), v(t), θ(t)) ∈ H 2+ obtained in Theorem 1.2 is classical one satisfying
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u(x, t) ∈ C1+α,1+α/2(QT ), v(x, t), θ(x, t) ∈ C2+α,2+α/2(QT ) for any T > 0,
QT = (0,1)× (0, T ). Moreover, if the initial data possess the higher regularities,
then the (generalized global) solutions also possess the higher regularities.
Therefore the generalized (global) solution (u(t), v(t), θ(t)) in H 2+ can be
understood as a generalized (global) solution between the classical (global)
solution and the generalized (global) solution (u(t), v(t), θ(t)) in H 1+.
Remark 1.3. The results in Theorem 1.2 were not obtained before.
We organize this paper as follows. We will complete the proofs of Theorems
1.1 and 1.2 in Sections 2 and 3, respectively.
2. Proof of Theorem 1.1
In this section we will complete the proof of Theorem 1.1 and assume that the
assumptions in Theorem 1.1 are valid. We begin with the following lemma.
Lemma 2.1. If (u0, v0, θ0) ∈ H 1+, then there exists a unique generalized global
solution (u(t), v(t), θ(t)) in H 1+ to the problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–
(1.3), (1.5), (1.7) which satisfies
ut , vt , θt , θx, vx, ux, vxx, θxx ∈ L2
([0,+∞),L2), (2.1)
0 < θ(x, t) C1 on [0,1] × [0,+∞), (2.2)
0 <C−11  u(x, t) C1 on [0,1] × [0,+∞), (2.3)
‖u(t)‖2
H 1 + ‖θ(t)‖2H 1 + ‖v(t)‖2H 1 +
t∫
0
[‖ux‖2 + ‖v‖2H 2 + ‖v‖2L∞
+ ‖θx‖2H 1 + ‖vt‖2 + ‖θt‖2
]
(τ ) dτ  C1, ∀t > 0, (2.4)
and there exist positive constants C′1, t0,C1, independent of t , such that∥∥(u(t)− u¯, v(t), θ(t)− θ¯)∥∥
H 1  C
′
1e
−C1αt , ∀t  t0, (2.5)
where u¯ and θ¯ are the same as in (1.44), (1.45) in Theorem 1.1.
Proof. The existence of generalized global solution in H 1+ and estimates (2.1)–
(2.5) were obtained in [21–23,25]. The proof is complete. ✷
Lemma 2.2. The unique generalized global solution (u(t), v(t), θ(t)) in H 1+
defines a nonlinear C0-semigroup S(t) on H 1+. Moreover, for any (u0, v0, θ0) ∈
H 1+, the generalized global solution (u(t), v(t), θ(t)) to the problem (1.1)–(1.3),
(1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies
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(
u(t), v(t), θ(t)
) = S(t)(u0, v0, θ0) ∈ C([0,+∞),H 1+), (2.6)
u(t) ∈ C1/2([0,+∞),H 1), v(t), θ(t) ∈ C1/2([0,+∞),L2). (2.7)
Proof. For any t1  0, t > 0, integrating (1.1) over (t1, t) and using Lemma 2.1,
we obtain
∥∥u(t)− u(t1)∥∥H 1 C1
∣∣∣∣∣
t∫
t1
(‖vx‖2 + ‖vxx‖2)dτ
∣∣∣∣∣
1/2
|t − t1|1/2
C1|t − t1|1/2
which implies
u(t) ∈ C1/2([0,+∞),H 1).
In the same manner we easily prove v(t), θ(t) ∈ C1/2([0,+∞),L2). Thus (2.7)
follows.
By Lemma 2.1, we know that for any t > 0, the operator S(t) : (u0, v0, θ0) ∈
H 1+ → (u(t), v(t), θ(t)) ∈H 1+ exists and, by the uniqueness of generalized global
solutions, satisfies on H 1+, for any t1, t2 ∈ [0,+∞),
S(t1 + t2)= S(t1)S(t2)= S(t2)S(t1). (2.8)
Moreover, by Lemma 2.1, S(t) is uniformly bounded on H 1+ with respect to t > 0,
i.e.,
‖S(t)‖L(H 1+,H 1+)  C1. (2.9)
We first verify the continuity of S(t) with respect to the initial data in H 1+ for
any fixed t > 0. To this end, we assume that (u0j , v0j , θ0j ) ∈H 1+, (uj , vj , θj )=
S(t)(u0j , v0j , θ0j ) (j = 1,2), and (u, v, θ) = (u1, v1, θ1) − (u2, v2, θ2). Sub-
tracting the corresponding equations (1.1)–(1.3) satisfied by (u1, v1, θ1) and
(u2, v2, θ2), we obtain
ut = vx, (2.10)
vt =−pu(u1, θ1)ux −
(
pu(u1, θ1)− pu(u2, θ2)
)
u2x
− pθ(u1, θ1)θx −
(
pθ (u1, θ1)− pθ(u2, θ2)
)
θ2x
+µ0
[
vxx
u1
− vxu1x
u21
−
(
v2xu
u1u2
)
x
]
, (2.11)
eθ (u1, θ1)θt =−
(
eθ (u1, θ1)− eθ (u2, θ2)
)
θ2t
− (eu(u1, θ1)− eu(u2, θ2))v2x
− eu(u1, θ1)vx − p(u1, θ1)vx
− (p(u1, θ1)− p(u2, θ2))v2x
+ [k(u1, θ1)θx + k(u1, θ1)− k(u2, θ2)θ2x]x, (2.12)
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t = 0: u= u0, v = v0, θ = θ0,
x = 0,1: v = 0, θx = 0 or θ = 0. (2.13)
By Lemma 2.1, we know that for any t > 0 and j = 1,2
∥∥(uj (t), vj (t), θj (t))∥∥2H 1
+
t∫
0
(‖ujx‖2 + ‖vj‖2H 2 + ‖θjx‖2H 1 + ‖θjt (t)‖2 + ‖vjt‖2)(τ ) dτ  C1.
(2.14)
Here and hereafter in the proof of this lemma, C1 > 0 denotes the universal
constant depending only on the H 1 norm of the initial data (u0j , v0j , θ0j ),
minx∈[0,1] u0j (x) and minx∈[0,1] θ0j (x) (j = 1,2), but independent of t .
Multiplying (2.10), (2.11) and (2.12) by u,v and θ , respectively, adding them
up and integrating the result over [0,1], and using Lemma 2.1, (2.13), (2.14),
the Cauchy inequality, the embedding theorem and the mean value theorem, we
deduce that for any small 6 > 0
1
2
d
dt
(‖u(t)‖2 + ‖v(t)‖2 + ∥∥√eθ (u1, θ1)θ(t)∥∥2)
+
1∫
0
[
µ0v2x
u1
+ k(u1, θ1)θ2x
]
dx
 6
(‖vx(t)‖2 + ‖θx(t)‖2)+C1H1(t)(‖u(t)‖2 +‖θ(t)‖2H 1 )
which, together with Lemma 2.1, leads to
d
dt
(‖u(t)‖2 + ‖v(t)‖2 + ∥∥√eθ (u1, θ1)θ(t)∥∥2)
+C−11
(‖vx(t)‖2 + ‖θx(t)‖2)
 C1H1(t)
(‖u(t)‖2 + ‖θ(t)‖2
H 1
)
, (2.15)
where, by (2.14), H1(t) = ‖θ1t (t)‖2 + ‖θ2t (t)‖2 + ‖v1xx(t)‖2 + ‖v2xx(t)‖2 +
‖θ1xx(t)‖2 + ‖θ2xx(t)‖2 + 1 satisfies for any t > 0
t∫
0
H1(τ ) dτ  C1(1+ t). (2.16)
By Lemma 2.1, (2.11), the embedding theorem and the mean value theorem, we
get
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‖vxx(t)‖2 C1
[‖vt (t)‖2 + ‖vx(t)‖2L∞ + ‖θ(t)‖2H 1
+ (1+ ‖v2xx(t)‖2)‖u(t)‖2H 1]
 1
2
‖vxx(t)‖2 +C1
(‖vt (t)‖2 + ‖θ(t)‖2H 1 )
+C1
[‖vx(t)‖2 + (1+ ‖v2xx(t)‖2)‖u(t)‖2H 1 ]
which gives
‖vxx(t)‖2 C1‖vt (t)‖2
+C1H1(t)
(‖vx(t)‖2 +‖u(t)‖2H 1 + ‖θ(t)‖2H 1 ). (2.17)
Differentiating (2.10) with respect to x , multiplying the result by ux and
integrating by parts, and using (2.17), we derive that for any small δ > 0
d
dt
‖ux(t)‖2 C1δ‖vt (t)‖2
+C1(δ)H1(t)
(‖vx(t)‖2 + ‖u(t)‖2H 1 + ‖θ(t)‖2H 1 ). (2.18)
Multiplying (2.11) by vt , integrating it over [0,1], and using Lemma 2.1, (2.13),
the embedding theorem and the mean value theorem, we obtain
d
dt
∥∥∥∥ vx√u1 (t)
∥∥∥∥
2
+C−11 ‖vt (t)‖2
C1H1(t)
(‖vx(t)‖2 +‖u(t)‖2H 1 + ‖θ(t)‖2H 1). (2.19)
Similarly to (2.17), by (2.12), we infer that
‖θxx(t)‖2  C1‖θt (t)‖2
+C1H1(t)
(‖vx(t)‖2 + ‖u(t)‖2H 1 + ‖θ(t)‖2H 1 ). (2.20)
Similarly to (2.19), multiplying (2.12) by θt and using (2.13)–(2.20), we get
d
dt
∥∥√k(u1, θ1)θx(t)∥∥2 +C−11 ‖θt (t)‖2
C1H1(t)
(‖vx(t)‖2 +‖u(t)‖2H 1 + ‖θ(t)‖2H 1). (2.21)
Adding up (2.15), (2.18), (2.19) and (2.21), and taking δ > 0 small enough, we
finally conclude
d
dt
M1(t)C1H1(t)
(‖vx(t)‖2 +‖u(t)‖2H 1 + ‖θ(t)‖2H 1)
C1H1(t)M1(t) (2.22)
where
518 Y. Qin / J. Math. Anal. Appl. 272 (2002) 507–535
M1(t)= ‖u(t)‖2 + ‖ux(t)‖2 + ‖v(t)‖2 +
∥∥∥∥ vx√u1 (t)
∥∥∥∥
2
+ ∥∥√eθ (u1, θ1)θ(t)∥∥2 + ∥∥√k(u1, θ1)θx(t)∥∥2
satisfies
C−11
(‖v(t)‖2
H 1 + ‖u(t)‖2H 1 + ‖θ(t)‖2H 1
)
M1(t)
 C1
(‖v(t)‖2
H 1 + ‖u(t)‖2H 1 + ‖θ(t)‖2H 1
)
. (2.23)
Thus (2.22), combined with Gronwall’s inequality, (2.16) and (2.23), implies for
any fixed t > 0
‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1  C1M1(0) exp
(
C1
t∫
0
H1(τ ) dτ
)
 C1 exp(C1t)
(‖u0‖2H 1 + ‖v0‖2H 1 + ‖θ0‖2H 1).
That is,∥∥S(t)(u01, v01, θ01)− S(t)(u02, v02, θ02)∥∥H 1+
 C1 exp(C1t)
∥∥(u01, v01, θ01)− (u02, v02, θ02)∥∥H 1+ (2.24)
which leads to the continuity of S(t) with respect to the initial data in H 1+. By (2.8)
and (2.9), in order to derive (2.6), it suffices to show that for any (u0, v0, θ0) ∈H 1+∥∥S(t)(u0, v0, θ0)− (u0, v0, θ0)∥∥H 1+ → 0, as t → 0+, (2.25)
which also yields
S(0)= I (2.26)
with I being the unit operator on H 1+. To derive (2.25), we choose a function
sequence (um0 , v
m
0 , θ
m
0 ) which is smooth enough, for example, (u
m
0 , v
m
0 , θ
m
0 ) ∈
(C1+α(0,1)×C2+α(0,1)×C2+α(0,1))∩H 1+ for some α ∈ (0,1), such that∥∥(um0 , vm0 , θm0 )− (u0, v0, θ0)∥∥H 1+ → 0, as m→+∞. (2.27)
By the regularity results (see also Remark 1.2), we conclude that for arbitrary but
fixed T > 0, there exists a unique global smooth solution (um(t), vm(t), θm(t)) ∈
(C1+α(QT )×C2+α(QT )×C2+α(QT ))∩H 1+, QT = (0,1)× (0, T ). This gives
for m= 1,2,3, . . .∥∥(um(t), vm(t), θm(t))− (um0 , vm0 , θm0 )∥∥H 1+ → 0, as t → 0+. (2.28)
Fixing T = 1, by the continuity of the operator S(t), (2.24) and (2.27), for any
t ∈ [0,1],
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∥∥(um(t), vm(t), θm(t))− (u(t), v(t), θ(t))∥∥
H 1+
= ∥∥S(t)(um0 , vm0 , θm0 )− S(t)(u0, v0, θ0)∥∥H 1+
C1
∥∥(um0 , vm0 , θm0 )− (u0, v0, θ0)∥∥H 1+ → 0,
as m→+∞.
This, together with (2.27) and (2.28), implies∥∥S(t)(u0, v0, θ0)− (u0, v0, θ0)∥∥H 1+ = ∥∥(u(t), v(t), θ(t))− (u0, v0, θ0)∥∥H 1+

∥∥(um(t), vm(t), θm(t))− (u(t), v(t), θ(t))∥∥
H 1+
+ ∥∥(um(t), vm(t), θm(t))− (um0 , vm0 , θm0 )∥∥H 1+
+ ∥∥(um0 , vm0 , θm0 )− (u0, v0, θ0)∥∥H 1+ → 0, as m→+∞, t → 0+,
which gives (2.25) and (2.26). Thus S(t) is a C0-semigroup on H 1+ satisfying
(2.6) and (2.7). The proof of is complete. ✷
The next lemma concerns with the uniform global (in time) positive lower
boundedness (independent of t) of the absolute temperature θ , which was not
obtained before.
Lemma 2.3. If (u0, v0, θ0) ∈H 1+, then the generalized global solution (u(t), v(t),
θ(t)) to the problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies
0<C−11  θ(x, t), ∀(x, t) ∈ [0,1] × [0,+∞). (2.29)
Proof. We prove (2.29) by contradiction. If (2.29) is not true, that is,
inf(x,t)∈[0,1]×[0,+∞) θ(x, t) = 0, then there exists a sequence (xn, tn) ∈ [0,1] ×
[0,+∞) such that
θ(xn, tn)→ 0, as n→+∞. (2.30)
If the sequence {tn} has a subsequence, denoted also by tn, converging to +∞,
then by the asymptotic behaviour results in Lemma 2.1, we know that
θ(xn, tn)→ θ¯ > 0, as n→+∞,
which contradicts (2.30). If the sequence {tn} is bounded, i.e., there exists a
constant M > 0, independent of n, such that for any n= 1,2,3, . . . , 0 < tn M ,
then there exists a point (x∗, t∗) ∈ [0,1] × [0,M] such that (xn, tn)→ (x∗, t∗)
as n → +∞. On the other hand, by (2.30) and the continuity of solutions in
Lemmas 2.1 and 2.2, we conclude that θ(xn, tn)→ θ(x∗, t∗) = 0 as n→+∞,
which contradicts (2.2). Thus the proof is complete. ✷
In what follows we will prove the exponential stability of C0-semigroup S(t),
i.e., (1.43). We will use a modified idea of [19] to prove (1.43). Now we introduce
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the density of the gas, ρ = 1/u, then we know from (1.8), (1.9) and (1.12)–(1.14)
that the entropy η= η(1/ρ, θ) satisfies
∂η/∂ρ =−pθ/ρ2, ∂η/∂θ = eθ/θ. (2.31)
We consider the transform
A : (ρ, θ) ∈Dρ,θ =
{
(ρ, θ): ρ > 0, θ > 0
}→ (u, η) ∈ADρ,θ , (2.32)
where u= 1/ρ and η= η(1/ρ, θ).
Owing to the Jacobian |∂(u,η)/∂(ρ, θ)| = −eθ/ρ2θ < 0 on Dρ,θ , there is a
unique inverse function θ = θ(u,η) as the smooth function of (u, η) ∈ ADρ,θ .
(In fact, Dρ,θ andADρ,θ are bounded domains; see, e.g., Lemmas 2.1–2.3.) Thus
the functions e,p can be also regarded as the smooth functions of (u, η). We
denote by
e= e(u,η) :≡ e(u, θ(u,η))= e(1/ρ, θ),
p = p(u,η) :≡ p(u, θ(u,η))= p(1/ρ, θ).
Then it is obvious from (1.8), (1.9), (1.12)–(1.14), (2.31) and (2.32) that e,p
satisfy
eu =−p, eη = θ,
pu =−
(
ρ2pρ + θp2θ /eθ
)
, pη = θpθ/eθ ,
θu =−θpθ/eθ , θη = θ/eθ . (2.33)
We define the following energy form:
E(u, v, η)= v
2
2
+ e(u,η)− e(u¯, η¯)− ∂e
∂u
(u¯, η¯)(u− u¯)
− ∂e
∂η
(u¯, η¯)(η− η¯), (2.34)
where ρ¯ = 1/u¯, η¯= η(1/ρ¯, θ¯ ) and u¯, θ¯ are the same as in (1.44) and (1.45).
The next two lemmas concern with the exponential stability of the generalized
global solution (u(t), v(t), θ(t)) in H 1+ (or, equivalently, of C0-semigroup S(t)
on H 1+).
Lemma 2.4. The unique generalized global solution (u(t), v(t), θ(t)) to the
problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies the following
estimates:
v2
2
+C−11
(|u− u¯|2 + |η− η¯|2) E(u, v, η)
 v
2
2
+C1
(|u− u¯|2 + |η− η¯|2). (2.35)
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Proof. By the mean value theorem, there exists a point (u˜, η˜) between (u, η) and
(u¯, η¯) such that
E(u, v, η)= v
2
2
+ 1
2
[
∂2e
∂u2
(u˜, η˜)(u− u¯)2 + 2 ∂
2e
∂u∂η
(u˜, η˜)(u− u¯)(η− η¯)
+ ∂
2e
∂η2
(u˜, η˜)(η− η¯)2
]
, (2.36)
where
u˜= λ0u¯+ (1− λ0)u, η˜ = λ0η¯+ (1− λ0)η, 0 λ0  1.
It follows from Lemmas 2.1–2.3 that
0<C−11  u˜ C1, |η˜|C1,
which implies∣∣∣∣ ∂2e∂u2 (u˜, η˜)
∣∣∣∣+
∣∣∣∣ ∂2e∂u∂η(u˜, η˜)
∣∣∣∣+
∣∣∣∣ ∂2e∂η2 (u˜, η˜)
∣∣∣∣ C1. (2.37)
Thus (2.36), (2.37) and the Cauchy inequality give
E(u, v, η) v
2
2
+C1
[
(u− u¯)2 + (η− η¯)2]. (2.38)
On the other hand, we infer from (2.33) that
euu =−pu = ρ2pρ + θp2θ /eθ , euη =−pη = θu =−θpθ/eθ ,
eηη = θη = θ/eθ ,
which yields the Hessian of e(u,η) is positive definite for any u > 0 and θ > 0.
Thus we deduce from (2.36)
E(u, v, η) v
2
2
+ λmin(u˜, η˜)
[
(u− u¯)2 + (η− η¯)2]
 v
2
2
+C−11
[
(u− u¯)2 + (η− η¯)2], (2.39)
where λmin(u˜, η˜) ( C−11 ) is the smaller characteristic root of the Hessian of
e(u˜, η˜). Thus the combination of (2.38) and (2.39) gives the desired estimate
(2.35). ✷
Lemma 2.5. There exists a positive constant γ ′1 = γ ′1(C1) > 0 such that for any
fixed γ ∈ (0, γ ′1], the generalized global solution (u(t), v(t), θ(t)) in H 1+ to the
problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies the following
estimate:
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eγ t
(‖v(t)‖2 + ‖u(t)− u¯‖2 + ‖θ(t)− θ¯‖2 + ‖ux(t)‖2 + ‖ρx(t)‖2)
+
t∫
0
eγ τ
(‖ux‖2 + ‖ρx‖2 + ‖θx‖2 + ‖vx‖2)(τ ) dτ  C1,
∀t > 0. (2.40)
Proof. By Eqs. (1.1)–(1.3), it is easy to verify that (ρ, v, η) satisfies(
e+ v
2
2
)
t
= [−pv +µ0ρvvx + ρkθx]x, (2.41)
ηt = (kρθx/θ)x + kρ(θx/θ)2 +µ0ρv2x/θ. (2.42)
Owing to u¯t = 0, θ¯t = 0, we infer from (2.41), (2.42), (1.1) and (1.2) that
Et (1/ρ, v, η)+ (θ¯/θ)
[
µ0ρv
2
x + kρθ2x /θ
]
= [µ0ρvvx + k(1− θ¯/θ)ρθx − (p− p(1/ρ¯, θ¯ ))v]x, (2.43)[
µ20(ρx/ρ)
2/2+µ0ρxv/ρ
]
t
+µ0pρρ2x/ρ
=−µ0pθρxθx/ρ −µ0(ρvvx)x +µ0ρv2x . (2.44)
Multiplying (2.43), (2.44) by eγ t , βeγ t , respectively, and then adding the results
up, we get
∂
∂t
G(t)+ eγ t[(θ¯/θ)(µ0ρv2x + kρθ2x /θ)/θ
+ β(µ0pρρ2x/ρ −µ0ρv2x +µ0pθρxθx/ρ)]
= γ eγ t[E(1/ρ, v, η)+ β(µ20(ρx/ρ)2/2+µ0ρxv/ρ)]
+ eγ t[(1− β)µ0ρvvx + k(1− θ¯/θ)ρθx − (p− p(ρ¯, θ¯ ))v]x, (2.45)
where G(t)= eγ t [E(1/ρ, v, η)+ β(µ20(ρx/ρ)2/2+µ0vρx/ρ)].
Integrating (2.45) over [0,1] × [0, t], by Lemmas 2.1–2.3, Cauchy’s and
Poincare’s inequalities, we deduce that for small β > 0 and for any γ > 0
eγ t
[‖ρ(t)− ρ¯‖2 + ‖v(t)‖2 + ‖η(t)− η¯‖2 + ‖ρx(t)‖2]
+
t∫
0
eγ τ
[‖ρx‖2 + ‖vx‖2 + ‖θx‖2](τ ) dτ
 C1 +C1γ
t∫
0
eγ τ
(‖v‖2 + ‖ρ − ρ¯‖2 + ‖θ − θ¯‖2 + ‖ρx‖2)(τ ) dτ.
(2.46)
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For the boundary conditions (1.7), we easily get
‖θ(x, t)− θ¯‖L∞ =
∥∥∥∥∥
x∫
0
θy(y, t) dy
∥∥∥∥∥
L∞
 ‖θx(t)‖,
‖v(t)‖ ‖vx(t)‖. (2.47)
For the boundary conditions (1.6), integrating (1.3) over (0,1) and using (1.45),
we have
1∫
0
(
e(u, θ)+ v
2
2
)
dx =
1∫
0
(
e(u0, θ0)+ v
2
0
2
)
dx = e(u¯, θ¯ )
which, together with Poincare’s inequality, Lemmas 2.1–2.3 and the mean value
theorem, implies
∥∥e(u, θ)− e(u¯, θ¯ )∥∥
∥∥∥∥∥e(u, θ)−
1∫
0
e(u, θ) dx
∥∥∥∥∥+ ‖v(t)‖2/2
C1
(‖ex(t)‖ + ‖vx(t)‖) C1(‖ux(t)‖ + ‖vx(t)‖+ ‖θx(t)‖). (2.48)
On the other hand, by Lemmas 2.1–2.3, (1.1), the mean value theorem and the
Poincaré inequality, we have
‖u(t)− u¯‖ C1‖ux(t)‖,
‖θ(t)− θ¯‖ C1
(∥∥e(u, θ)− e(u¯, θ¯ )∥∥+ ‖u(t)− u¯‖)
 C1
(∥∥e(u, θ)− e(u¯, θ¯ )∥∥+ ‖ux(t)‖) (2.49)
which, combined with (2.48), gives
‖θ(t)− θ¯‖ C1
(‖ux(t)‖ + ‖vx(t)‖ + ‖θx(t)‖). (2.50)
Similarly, we infer that
C−11 ‖u(t)− u¯‖ ‖ρ(t)− ρ¯‖ C1‖u(t)− u¯‖, (2.51)
‖θ(t)− θ¯‖) C1
(‖η(t)− η¯‖+ ‖u(t)− u¯‖). (2.52)
It follows from (2.46)–(2.52) that there exists a constant γ ′1 = γ ′1(C1) > 0 such
that for any fixed γ ∈ (0, γ ′1] (2.40) holds. The the proof is complete. ✷
Lemma 2.6. There exists a positive constant γ1 = γ1(C1) γ ′1 such that for any
fixed γ ∈ (0, γ1], the generalized global solution (u(t), v(t), θ(t)) in H 1+ to the
problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies the following
estimate:
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eγ t
(‖vx(t)‖2 + ‖θx(t)‖2)
+
t∫
0
eγ τ
(‖vxx‖2 + ‖θxx‖2 + ‖vt‖2 + ‖θt‖2)(τ ) dτ  C1,
∀t > 0. (2.53)
Proof. By (1.2), (1.3), Lemmas 2.1–2.3 and Poincaré’s inequality, we get
‖vx(t)‖ C1‖vxx(t)‖,
‖vt (t)‖ C1
(‖ux(t)‖ + ‖θx(t)‖ + ‖vxx(t)‖), (2.54)
‖θx(t)‖C1‖θxx(t)‖, ‖θt (t)‖ C1
(‖θxx(t)‖ + ‖vxx(t)‖). (2.55)
Multiplying (1.2), (1.3) by −eγ tvxx,−eγ t θxx , respectively, integrating the results
over [0,1]× [0, t], and adding them up, using Young’s inequality, the embedding
theorem, Lemmas 2.1–2.3 and 2.5, we finally deduce that
eγ t
(‖vx(t)‖2 + ∥∥√eθ θx(t)∥∥2)+C−11
t∫
0
eγ τ
(‖vxx‖2 + ∥∥√kθxx∥∥2)(τ ) dτ
 C1 +C1
t∫
0
eγ τ
[(‖ux‖ + ‖θx‖+ ‖ux‖‖vx‖1/2‖vxx‖1/2)‖vxx‖
+ (‖vx‖+ ‖vx‖3/2‖vxx‖ + ‖ux‖‖θx‖1/2‖θxx‖1/2)‖θxx‖]dτ
+C1
t∫
0
eγ τ
[‖vx‖2 +‖ux‖2 + ‖θx‖2
+ (‖vx‖+ ‖θt‖)‖θx‖1/2‖θxx‖1/2](τ ) dτ
 C1 + 1/(2C1)
t∫
0
eγ τ
(‖vxx‖2 + ‖θxx‖2)(τ ) dτ
which, with Lemmas 2.1–2.3, Lemma 2.5, Eqs. (1.1)–(1.3) and (2.54), (2.55),
gives (2.53). ✷
Till now we have completed the proof of Theorem 1.1. ✷
3. Proof of Theorem 1.2
In this section we will complete the proof of Theorem 1.2. We begin with the
following lemma.
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Lemma 3.1. Under the assumptions in Theorem 1.2, the problem (1.1)–(1.3),
(1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) admits a unique generalized global solution
(u(t), v(t), θ(t)) in H 2+, which defines a nonlinear C0-semigroup S(t) (also
denoted by S(t) by the uniqueness of solution in H 1+) on H 2+ such that for any
(u0, v0, θ0) ∈H 2+∥∥S(t)(u0, v0, θ0)∥∥H 2+ = ∥∥(u(t), v(t), θ(t))∥∥H 2+  C2, ∀t > 0, (3.1)
S(t)(u0, v0, θ0)=
(
u(t), v(t), θ(t)
) ∈ C([0,+∞),H 2+), (3.2)
u(t) ∈ C1/2([0,+∞),H 2), v(t), θ(t) ∈ C1/2([0,+∞),H 1). (3.3)
The proof of Lemma 3.1 can be divided into several lemmas.
The next two lemmas are concerned with the uniform estimates of v, θ in H 2.
Lemma 3.2. For any (u0, v0, θ0) ∈H 2+, the following estimates hold:
‖θt (t)‖2 + ‖vt (t)‖2 +
t∫
0
(‖vxt‖2 + ‖θxt‖2)(τ ) dτ  C2, ∀t > 0, (3.4)
‖vxx(t)‖2 + ‖θxx(t)‖2 +
t∫
0
(‖vxxx‖2 + ‖θxxx‖2)(τ ) dτ  C2,
∀t > 0. (3.5)
Proof. Differentiating (1.2) with respect to t , multiplying the result by vt and
integrating over (0,1), we infer that
d
dt
‖vt (t)‖2 +C−11 ‖vxt (t)‖2
 1
2C1
‖vxt (t)‖2 +C1
(‖vx(t)‖2 + ‖vx(t)‖4L4 + ‖θt (t)‖2)
 1
2C1
‖vxt (t)‖2 +C1
(‖vxx(t)‖2 + ‖θt (t)‖2)
which, together with Lemma 2.1, yields
‖vt (t)‖2 +
t∫
0
‖vxt‖2(τ ) dτ C2 +C1
t∫
0
(‖vxx‖2 + ‖θt‖2)(τ ) dτ C2.
(3.6)
On the other hand, using Eq. (1.2), Lemmas 2.1–2.3, (3.6), Sobolev’s embedding
theorem and Young’s inequality, we have
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‖vxx(t)‖ C1
(‖vt (t)‖ + ‖θx(t)‖ + ‖ux(t)‖ + ‖vx(t)‖1/2‖vxx(t)‖1/2)
 1
2
‖vxx(t)‖ +C1
(‖vt (t)‖ + 1),
t∫
0
‖vxxx‖2(τ ) dτ  C2
which lead to
‖vxx(t)‖ C2, ‖vx(t)‖L∞  C2, ∀t > 0. (3.7)
Similarly,
‖θxx(t)‖ C1
(‖θt (t)‖ + 1), ∀t > 0. (3.8)
Similarly to (3.6), by Eq. (1.3), we infer that for any δ1 > 0
d
dt
∥∥√eθθt (t)∥∥2 +C−11 ‖θxt (t)‖2
 δ1‖θxt (t)‖2 +C1
[‖θx(t)‖2 + ‖vx(t)‖2 + ‖θt (t)‖3L3 + ‖θt (t)‖2
+ ‖vxt (t)‖2 +
(‖θt (t)‖ + ‖θt (t)‖1/2‖θtx(t)‖1/2)‖θtx(t)‖]. (3.9)
Integration of (3.9) gives
‖θt (t)‖2 +
t∫
0
‖θxt‖2(τ ) dτ
 C2 +C1δ1
t∫
0
‖θtx‖2(τ ) dτ +C1
t∫
0
(‖θt‖5/2‖θtx‖1/2 + ‖θt‖3)(τ ) dτ
 C2 +C1δ1
t∫
0
‖θtx‖2(τ ) dτ +C1 sup
0τt
‖θt (τ )‖4/3
 C2 +C1δ1
t∫
0
‖θtx‖2(τ ) dτ + 12 sup0τt ‖θt (τ )‖
2.
That is,
sup
0τt
‖θt (τ )‖2 +
t∫
0
‖θxt‖2(τ ) dτ
 C2 +C1δ1
t∫
0
‖θtx‖2(τ ) dτ + 12 sup0τt
‖θt (τ )‖2
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which, by taking δ1 > 0 small enough, implies
sup
0τt
‖θt (τ )‖2 +
t∫
0
‖θxt‖2(τ ) dτ  C2, ∀t > 0. (3.10)
By (1.3) and (3.8), we easily get
‖θxx(t)‖2 +
t∫
0
‖θxxx‖2(τ ) dτ C2, ∀t > 0. (3.11)
Thus (3.4) and (3.5) follow from (3.6)–(3.11) and Lemma 2.1. The proof is com-
plete. ✷
In what follows, our attention will be paid to the uniform estimate of the
specific volume u in H 2. Although we can follow the idea of [26,32] to estimate
‖uxx(t)‖ based on a representation of u obtained in [21,22], owing to many calcu-
lations involved there, we will give a very simple proof in this paper. This method
is also applicable for the cases in [26,32].
Lemma 3.3. For any (u0, v0, θ0) ∈H 2+, the following estimate holds:
‖u(t)‖H 2  C2, ∀t > 0. (3.12)
Proof. Differentiating (1.2) with respect to x , using (1.1) (utxx = vxxx), we see
that
µ0
∂
∂t
(
uxx
u
)
− puuxx = vtx +
(
puuu
2
x + 2pθuθxux +pθθ θ2x
)+ pθθxx
− 2µ0vxu2x/u3. (3.13)
Multiplying (3.13) by uxx/u, and by Young’s inequality, Lemmas 2.1–2.3 and
(1.22), we can deduce that
d
dt
∥∥∥∥uxxu (t)
∥∥∥∥
2
+C−11
∥∥∥∥uxxu (t)
∥∥∥∥
2
 1
4C1
∥∥∥∥uxxu
∥∥∥∥
2
+C1
(‖θx(t)‖4L4 + ‖ux(t)‖4L4 + ‖vxt (t)‖2
+ ‖θxx(t)‖2 + ‖vxu2x(t)‖2
)
 1
2C1
∥∥∥∥uxxu (t)
∥∥∥∥
2
+C2
(‖θxx(t)‖2 + ‖ux(t)‖2 + ‖vxt (t)‖2) (3.14)
which, combined with Lemmas 2.1 and 3.2, gives
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‖uxx(t)‖2 +
t∫
0
‖uxx(τ )‖2 dτ C2, ∀t > 0. (3.15)
Thus (3.12) follows from Lemma 2.1 and (3.15). The proof is complete. ✷
The estimate (3.1) and the global existence of generalized solution (u(t), v(t),
θ(t)) ∈H 2+ follow from Lemmas 2.1, 3.2 and 3.3. Similarly to (2.7), we can prove
that the relation (3.3) is valid. To complete the proof of Lemma 3.1, it suffices to
prove (3.2) and the continuity of S(t) with respect to (u0, v0, θ0) ∈ H 2+, which
also leads to the uniqueness of the generalized global solutions in H 2+. This will
be done in the next lemma.
Lemma 3.4. The generalized global solution (u(t), v(t), θ(t)) in H 2+ defines a
nonlinear C0-semigroup S(t) on H 2+.
Proof. The uniqueness of generalized global solutions in H 2+ follows from that
in H 1+. Thus S(t) satisfies (2.8) on H 2+ and, by Lemmas 3.2 and 3.3,
‖S(t)‖L(H 2+,H 2+)  C2.
In the same manner as in the proof of Lemma 2.2, we assume that (u0j , v0j , θ0j ) ∈
H 2+ (j = 1,2), (uj , vj , θj ) = S(t)(u0j , v0j , θ0j ), and (u, v, θ) = (u1, v1, θ1) −
(u2, v2, θ2). We denote by ej = e(uj , θj ), pj = p(uj , θj ), kj = k(uj , θj ) (j =
1,2). Subtracting the corresponding equations (1.1)–(1.3) satisfied by (u1, v1, θ1)
and (u2, v2, θ2), we obtain Eqs. (2.10) and (2.11).
Similarly to (2.17), we have
‖θxx(t)‖2 C1
(‖θt (t)‖2 +H1(t)M1(t))
C2
(‖θt (t)‖2 + ‖u(t)‖2H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1 ). (3.16)
Differentiating (2.11) with respect to x , we see that
vtx = µ0
(
vxxx/u1 − 2vxxu1x/u21
)+R(x, t), (3.17)
where
R(x, t)=−(p1uuu1x + p1uθ θ1x)ux − p1uuxx − (p1u − p2u)u2xx
− [p1uuux + (p1uu − p2uu)u2x + p1uθ θx + (p1uθ − p2uθ )θ2x]u2x
− (p1θuu1x + p1θθ θ1x)θx − p1θ θxx − (p1θ − p2θ )θ2xx
− [p1θuux + (p1θu − p2θu)u2x + p1θθ θx + (p1θθ − p2θθ )θ2x]θ2x
−µ0
(
vxu1xx/u
2
1 + 2vxu21x/u31
)
.
By Lemmas 2.1–2.3 and 3.1–3.3, the embedding theorem and the mean value
theorem, we easily obtain
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‖R(t)‖2  C2
(‖ux(t)‖2 + ‖uxx(t)‖2 + ‖u(t)‖2L∞ + ‖θ(t)‖2L∞
+ ‖θx(t)‖2 + ‖θxx(t)‖2 + ‖vx(t)‖2L∞
)
 C2
(‖u(t)‖2
H 2 + ‖θ(t)‖2H 2
)
. (3.18)
Here and hereafter in the proof of this lemma, C2 > 0 denotes the universal
constant depending only on the H 2 norm of the initial data (u0j , v0j , θ0j ),
minx∈[0,1] u0j (x) and minx∈[0,1] θ0j (x) (j = 1,2), but independent of t .
By (3.17), (3.18) and the embedding theorem, we infer that
‖vxxx(t)‖2 C1‖vtx(t)‖2 +C2
(‖vxx(t)‖2L∞ + ‖R(t)‖2)
 1
2
‖vxxx(t)‖2 +C1‖vtx(t)‖2
+C2
(‖vxx(t)‖2 +‖u(t)‖2H 2 + ‖θ(t)‖2H 2)
which gives
‖vxxx(t)‖2 C1‖vtx(t)‖2 +C2
(‖vxx(t)‖2 +‖u(t)‖2H 2 + ‖θ(t)‖2H 2).
(3.19)
Differentiating (2.10) twice with respect to x , multiplying the result by uxx ,
integrating resulting equation over [0,1], using (3.19) and the Cauchy inequality,
we have
d
dt
‖uxx(t)‖2 C1‖vtx(t)‖2 +C2
(‖u(t)‖2
H 2 + ‖vxx(t)‖2 + ‖θ(t)‖2H 2
)
C1‖vtx(t)‖2 +C2
(‖u(t)‖2
H 2 + ‖v(t)‖2H 2 + ‖θ(t)‖2H 2
)
.
(3.20)
Differentiating (2.11) with respect to t , multiplying it by vt , integrating the
resulting equation over [0,1], using Lemmas 2.1–2.3 and 3.1–3.3, we deduce that
d
dt
‖vt (t)‖2 +C−11 ‖vtx(t)‖2  C2
(
1+ ‖v2xt (t)‖2
)
× (‖vt (t)‖2 + ‖θt (t)‖2 + ‖u(t)‖2H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1). (3.21)
Multiplying (1.3) by e−1θ , differentiating the resulting equation with respect to t ,
we arrive at
θtt = I1(u, v, θ)+ I2(u, v, θ)+ I3(u, v, θ)+ I4(u, v, θ)
+ I5(u, v, θ), (3.22)
where
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I1(u, v, θ)=−
(
eθt/e
2
θ
)
(kθx/u)x,
I2(u, v, θ)= (kθx/u)xt/eθ , I3(u, v, θ)= θpθvxeθt/e2θ ,
I4(u, v, θ)=−(θtpθvx + θpθtvx + θpθvxt )/eθ ,
I5(u, v, θ)= µ0
[
2vxvxt/eθu− v2x(eθtu+ eθvx)/e2θu2
]
.
We denote by
I
j
i = Ii(uj , vj , θj ), j = 1,2, i = 1,2,3,4,5.
By Lemmas 2.1–2.3 and 3.1–3.3, (2.17), the embedding theorem and the mean
value theorem, we infer that for (u, v, θ)= (u1 − u2, v1 − v2, θ1 − θ2)∥∥I 11 − I 21 ∥∥2  C2(1+ ‖θ1xxx(t)‖2)
× (‖u(t)‖2
H 1 + ‖v(t)‖2H 1 +‖θ(t)‖2H 1 + ‖θt (t)‖2
)
, (3.23)∥∥I 13 − I 23 ∥∥2  C2(‖u(t)‖2H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1
+ ‖θt (t)‖2 + ‖vxx(t)‖2
)
 C2
(‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1
+ ‖θt (t)‖2 + ‖vt (t)‖2
)
, (3.24)∥∥I 14 − I 24 ∥∥2  C2‖vxt (t)‖2 +C2(1+ ‖v1xt (t)‖2)
× (‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1
+ ‖θt (t)‖2 +‖vt (t)‖2
)
, (3.25)∥∥I 15 − I 25 ∥∥2  C2‖vxt (t)‖2 +C2(1+ ‖v2xt (t)‖2)
× (‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1
+ ‖θt (t)‖2 +‖vt (t)‖2
)
. (3.26)
Subtracting the corresponding equation (3.22) satisfied by (u1, v1, θ1) and (u2,
v2, θ2), multiplying the resulting equation by θt = (θ1 − θ2)t , using (3.23)–(3.26),
we easily infer that
d
dt
‖θt (t)‖2 
1∫
0
(
I 12 − I 22
)
θt dx +C2‖vxt (t)‖2
+C2
(
1+ ‖θ1xxx(t)‖2 + ‖v1xt (t)‖2 + ‖v2xt (t)‖2
)
× (‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1
+ ‖θt (t)‖2 + ‖vt (t)‖2
)
. (3.27)
In (3.27), using (2.13) and integration by parts, the first term on the right-hand
side can be estimated, for any small δ2 > 0, as
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1∫
0
(
I 12 − I 22
)
θt dx =−
1∫
0
k1θ2xt/e
1
θu1 dx + J1 + J2 + J3, (3.28)
J1 =−
1∫
0
(
θtx/e
1
θ
)[
k1t θx/u1 − k1θxv1x/u21
+ ((u2θ2x(k1 − k2)− k2uθ2x)/u1u2)t]dx
 δ2‖θtx(t)‖2 +C2
(
1+ ‖θ2xt (t)‖2
)
× (‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1 + ‖θt (t)‖2
)
, (3.29)
J2 =
1∫
0
(
e1θxθt
/(
e1θ
)2)[(
k1θtx + k1t θx
)/
u1 + k1θxv1x
/
u21
]
dx
 δ2‖θtx(t)‖2 +C2
(‖θ(t)‖2
H 1 + ‖θt (t)‖2
)
, (3.30)
J3 =
1∫
0
(
e1θxθt
/(
e1θ
)2)[(
u2θ2x(k
1 − k2)− k2uθ2x
)/
u1u2
]
t
dx
C2
(
1+‖θ2xt (t)‖2
)
× (‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1 + ‖θt (t)‖2
)
. (3.31)
Taking δ2 > 0 small enough in (3.29) and (3.30), using Lemmas 2.1–2.3, inserting
(3.28)–(3.31) into (3.27), we finally conclude that
d
dt
‖θt (t)‖2 +C−11 ‖θtx(t)‖2
C1‖vtx(t)‖2 +C2H2(t)
(‖vt (t)‖2 + ‖θt (t)‖2
+ ‖u(t)‖2
H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1
)
, (3.32)
where, by Lemma 3.2, H2(t) = 1 + ‖θ1xxx(t)‖2 + ‖θ2xt (t)‖2 + ‖v1xt (t)‖2 +
‖v2xt (t)‖2 satisfies
t∫
0
H2(τ ) dτ  C2(1+ t), ∀t > 0. (3.33)
Similarly to (2.17) and (3.16), we easily obtain from (2.11) and (2.12)
‖vt (t)‖2 C2
(‖vxx(t)‖2 + ‖u(t)‖2H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1), (3.34)
‖θt (t)‖2  C2
(‖θxx(t)‖2 + ‖u(t)‖2H 1 + ‖v(t)‖2H 1 + ‖θ(t)‖2H 1 ). (3.35)
Now multiplying (3.21) by a large number N2 > 2C21 , then adding up the result,
(3.20) and (3.32), we conclude
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d
dt
M2(t)C2H2(t)
(‖vt (t)‖2 + ‖θt (t)‖2 + ‖u(t)‖2H 2
+ ‖θ(t)‖2
H 1 +‖v(t)‖2H 1
)
C2H2(t)
(M1(t)+M2(t)), (3.36)
whereM2(t)= ‖uxx(t)‖2 +N2‖vt (t)‖2 + ‖θt (t)‖2.
Adding (2.22) to (3.36) gives
d
dt
M(t) C2H2(t)M(t), (3.37)
where, by (2.17), (2.20), (3.34) and (3.35),M(t)=M1(t)+M2(t) satisfies
C−12
(‖u(t)‖2
H 2 + ‖v(t)‖2H 2 + ‖θ(t)‖2H 2
)
M(t)
 C2
(‖u(t)‖2
H 2 + ‖v(t)‖2H 2 + ‖θ(t)‖2H 2
)
. (3.38)
Thus it follows from (3.37), Gronwall’s inequality, (3.33) and (3.38) that
‖u(t)‖2
H 2 + ‖v(t)‖2H 2 + ‖θ(t)‖2H 2
 C2M(t) C2M(0) exp
(
C2
t∫
0
H2(τ ) dτ
)
 C2 exp(C2t)
(‖u0‖2H 2 + ‖v0‖2H 2 + ‖θ0‖2H 2), ∀t > 0,
which implies the continuity of S(t) with respect to the initial data in H 2+. Simi-
larly to the proof of (2.6), we can prove that (3.2) holds. Thus the proof is com-
plete. ✷
From Lemmas 3.2–3.4, we know that the proof of Lemma 3.1 is complete. ✷
The next two lemmas concern with the exponential stability of generalized
global solution (u(t), v(t), θ(t)) in H 2+ (or, equivalently, of semigroup S(t) on
H 2+).
Lemma 3.5. There exists a positive constant γ ′2 = γ ′2(C2) γ1 such that for any
fixed γ ∈ (0, γ ′2], the generalized global solution (u(t), v(t), θ(t)) in H 2+ to the
problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies the following
estimate:
eγ t
(‖θ(t)− θ¯‖2
H 2 + ‖v(t)‖2H 2
)+
t∫
0
eγ τ
(‖vxt‖2 + ‖θxt‖2)(τ ) dτ C2,
∀t > 0. (3.39)
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Proof. Differentiating Eq. (1.2) with respect to t , multiplying result by vt eγ t and
integrating the resulting equation over [0,1] × [0, t], by Lemmas 2.1–2.6 and
Young’s inequality, we easily conclude
1
2
eγ t‖vt (t)‖2 +µ0
t∫
0
eγ τ
∥∥vxt/√u∥∥2(τ ) dτ
C2 + γ /2
t∫
0
eγ τ‖vt‖2(τ ) dτ
+C1
t∫
0
eγ τ
(‖vx‖2 + ‖θt‖2 + ‖vx‖4L4)(τ ) dτ
+µ0/2
t∫
0
eγ τ
∥∥vxt/√u∥∥2(τ ) dτ
C2 + (C2γ +µ0/2)
t∫
0
eγ τ
∥∥vxt/√u∥∥2(τ ) dτ
+C1
t∫
0
eγ τ
(‖θt‖2 + ‖vx‖2 + ‖vxx‖2)(τ ) dτ
which, combined with Lemmas 2.1, 2.6, 2.7 and (2.17), implies that there exists a
constant γ ′2 = γ ′2(C2) γ1 such that for any fixed γ ∈ (0, γ ′2]
eγ t
(‖vt (t)‖2 +‖vxx(t)‖2)+
t∫
0
eγ τ‖vxt‖2(τ ) dτ C2, ∀t > 0. (3.40)
In the same manner, multiplying (3.22) by θteγ t , integrating the result over
[0,1] × [0, t] and using Lemmas 2.1–2.6 and (3.40), we infer that
eγ t
(‖θt (t)‖2 + ‖θxx(t)‖2)+
t∫
0
eγ τ‖θxt‖2(τ ) dτ  C2
which, together with (3.40) and Lemmas 2.4, 2.5, yields (3.39). The proof is com-
plete. ✷
Lemma 3.6. There exists a positive constant γ2 = γ2(C2) γ ′2 such that for any
fixed γ ∈ (0, γ2], the generalized global solution (u(t), v(t), θ(t)) in H 2+ to the
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problem (1.1)–(1.3), (1.5), (1.6) or (1.1)–(1.3), (1.5), (1.7) satisfies the following
estimate:
‖u(t)− u¯‖2
H 2  C2e
−γ t . (3.41)
Proof. Multiplying (3.14) by et/2C1 and choosing γ so small that γ  min(γ ′2,
1/4C1)= γ2(C2), and using Lemmas 2.5, 2.6 and 3.5, we conclude that
‖uxx(t)‖2  C2e−t/2C1 +C2e−γ t  C2e−γ t
which, together with Lemmas 2.5 and 2.6, gives the estimate (3.41). The proof of
is complete. ✷
Till now we have completed the proof of Theorem 1.2. ✷
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